We have analyzed the viscoelastic behavior of a suspension of ferromagnetic particles. The dynamics of the correlations of the magnetic moment of the particle follows from the corresponding Smoluchowski equation, which generates a hierarchy of equations coupling the consecutive moments. Different decoupling approximations are proposed and studied. The viscosity has been calculated and found to depend on frequency and magnetic field. Our results have been compared to experiments carried out for a suspension with certain polidispersity, reproducing the decay of this coefficient when increasing the frequency.
I. INTRODUCTION
The transport properties of suspensions of ferromagnetic particles in a nonpolar solvent exhibit a strong influence of magnetic fields imposed externally. [1] [2] [3] In particular, the effective viscosity depends on the ratio between magnetic and thermal energies, and it reaches a saturation limit at moderate magnetic fields. In this limit, this coefficient differs significantly from its corresponding value at zero magnetic field, fact that was evaluated experimentally for the first time in Ref. 4 . The theoretical explanation of this fact was carried out following two different lines of reasoning. First, a continuum model was adopted in which the torque on the ferromagnetic particles constituted a permanent source of internal angular momentum, giving rise to the presence of an antisymmetric part of the pressure tensor. The Navier-Stokes equation was then modified by this feature and the resulting effective viscosity was found to be field-dependent. The second theoretical analysis is based on statistical mechanical grounds as it uses the Smoluchowski equation, describing the probability distribution of the magnetic moment to calculate its correlation function. To obtain the viscosity, two different routes are available. In the first one, this coefficient comes from the corresponding rheological equation of state whereas in the other, it can be computed through a Green-Kubo formula derived from the linear response theory. Both procedures lead in practice to the same result which is consistent with experimental data. The procedure, established originally for spherical particles, can be extended for particles having a symmetry axis, like for example rods that are encountered in some practical situations.
Whereas the stationary transport properties are well understood, only a few results concerning nonstationary values of the transport coefficients are available from the literature. The difficulty of this analysis lies in the fact that the dynamic equations for the correlation functions of the magnetic moments of the particles constitute a hierarchy of equations in which moments of successive orders are coupled. One must then introduce decoupling approximations leading to a formal solution for the velocity field. This is precisely the line of reasoning that we have pursued in this paper. As we will show, the system exhibits viscoelastic behavior which manifests over experimentally accessible time scales.
The paper is organized in the following way: in Sec. II the continuum version of the suspension is set up and developed to the stage of deriving a complete set of time evolution equations for the hydrodynamic fields and the correlations of the magnetic moments of different orders. Section III is devoted to the calculation of the viscosity. With this purpose in mind we introduce different approximations discussing their accuracy, which enable us to close the hierarchy of equations for the correlations of the magnetic moments. The viscosity tensor then follows from the Green function or propagator of the perturbations through the system and is found to depend on the frequency and magnetic field. The viscoelastic behavior is then analyzed in the last section, where a comparison to preliminary experimental results is carried out.
II. CONTINUUM APPROACH
We consider a suspension of noninteracting ferromagnetic spherical particles of hydrodynamic radius a H ͑which can be different from its magnetic radius a M ͒ and magnetic moment strength m 0 dispersed in an ordinary nonpolar liquid. In order for the system to be viewed as a continuum, we will divide it into cells of size l, much greater than the size of one particle, a H /lӶ1, but much smaller than the characteristic length L of the system, l/LӶ1. The cells will be associated with the volume elements or ''fluid particles'' of the continuum medium. Therefore, the procedure of taking the continuum limit implicitly assumes that we are considering length scales to be much larger than the size of the magnetic particles.
The presence of the suspended particles inside the cells introduces an internal structure in them. For instance, the rotation of the particles may be the origin of the rotations of the ''fluid particles'' which is different from the vorticity of the carrier fluid. In these cells, of volume ⌬V, one may define field quantities as functions of microscopic quantities, 6 for example the hydrodynamic spin, ␥ n␥ϭ 1
and the magnetization per unit volume, nM,
Through these formulas, such quantities are defined as averages of the angular velocity ⍀ i and the magnetic moment m i of each sphere contained in the volume ⌬V. The quantity n is now the number density of particles ͑assumed to be constant͒ and the subindex i labels the particles of the suspension. The rotational motion of the ith suspended particle is governed by the equation
Here I is the moment of inertia, which for spherical particles of radius a H is equal to 
͑6͒
Equation ͑4͒ expresses the balance equation for the internal angular momentum of the suspension, coming entirely from the contribution of the magnetic spheres provided the fact that the hydrodynamic spin of the fluid molecules has already relaxed to the vorticity in a much shorter time scale. It is interesting to note that the presence of a magnetic field acts as a permanent source of internal angular momentum, resulting in a spin that does not decay to the vorticity in the stationary state.
Provided that the fluid is incompressible, according to nonequilibrium thermodynamics, 8 the generalized NavierStokes equation coupled with Eq. ͑4͒ takes the form ‫ץ‬v ‫ץ‬t ϭϪ"pϩ"
where is the viscosity of the suspension at zero magnetic field, which up to the first order in the volume fraction is given through the well-known Einstein formula
Note that this equation can be achieved by cell-averaging the equation for the balance of linear momentum ͑Note that this equation is straightforwardly derived only in the case of spherical particles in suspension, in which the translational motion is decoupled from the rotational motion of the spheres.͒; thus the viscosity must contain the contribution due to the magnetic spheres which remains when the rotational source of disturbance ͑the magnetic field͒ is removed. Moreover, in the trivial limit obtained with ϭ0 ͑absence of magnetic particles͒, one has r ϭ0, p ϭ0, ϭ 0 , and Mϭ0, Eq. ͑4͒ then reduces to an identity and Eq. ͑7͒ to the Navier-Stokes equation for the solvent. In order to close the system of equations one has to give the evolution equation for the magnetic moment per particle M. Since the magnetic sphere performs Brownian motion, the evolution of the magnetic moment is a stochastic process with a probability density ⌿(R ,t) which is the solution of the Smoluchowski equation,
where " Ќ denotes the component of the total gradient perpendicular to the orientation unit vector R ͑over a sphere of radius 1͒, defined as " Ќ ϭ͑1 ᠬ ϪR R ͒•" R , and D r the rotational diffusion coefficient for the particle, D r ϭk B T/ r . This equation is valid at times tӷ(I/ r ), that is when the inertial term in Eq. ͑3͒ can be neglected. To be consistent with this approximation, the corresponding time derivative of Eq. ͑4͒ must be eliminated. As a consequence, our results will be valid in the range of times in which the spin has already relaxed, which for spheres having a hydrodynamic radius of 10 Ϫ6 cm represents times tӷ10 Ϫ10 s. Thus, Eq. ͑4͒ reduces to 
where the equation for the order n is linked to that for the order nϩ1 in the form ‫ץ‬ ‫ץ‬t
Finally, one has to take into account that the linearization of the derivatives ͑the smallness of 0 ͒ implies that in the terms involving 0 , one has to write the averages in the reference state.
In fact, the system of equations is closed but, since it is infinite, one has to introduce approximations to solve it in order to determine the viscosity. Note instead that in the case of negligible Brownian motion ͑referred to as the ''strongfield'' limit͒, the evolution of R is the result of the kinematic equation for a single particle dm i /dtϭ⍀ i ϫm i ͑Ref. 9͒ giving, after linearization, ‫ץ‬ ‫ץ‬t ͗R ͘ϭ␥ϫĤ ,
͑13͒
which closes the system of hydrodynamic equations in this limit.
III. THE VISCOSITY
The purpose of this section is to study the viscoelastic behavior of the suspension by analyzing the response of the system to an external perturbation caused, for instance, by a test particle moving through the suspension. We will consider that the reference state corresponds to the equilibrium state under the action of an external magnetic field, which is characterized by vϭ0, ␥ϭ0 and the following expressions for the averages of the order n of the variable R ,
with nр2k. The subindex eq denotes the averages performed with the equilibrium distribution function ⌿ 0 (R ), 5 given by
The functions L n ͑͒ are related to modified spherical Bessel functions of the first class, 10 i n ͑͒ϭ͑4 sinh /͒L n ͑͒, with L 1 ͑͒ being the Langevin function ͑ϵcoth Ϫ Ϫ1 ͒. As an example, the particularization of the general formula ͑14͒ for the first three moments reads
The action of the external perturbation, expressed through unspecified external force F͑r,t͒ and torque T͑r,t͒ densities, causes inhomogeneities in the hydrodynamic fields, v͑r,t͒, ␥͑r,t͒, and M͑r,t͒. The hydrodynamic equations for the system, valid up to order read ‫ץ‬v ‫ץ‬t ϭϪٌpϩٌ
‫ץ‬ ‫ץ‬t
where we can replace 0 for 1/2 ٌϫv. Equation ͑19͒ is simply Eq. ͑12͒ linearized about the reference state. This procedure makes F m ͑͒ appear as a sum of the different projections of the averages in equilibrium in the following form:
where (2kϪ1)!!ϭ(2kϪ1)(2kϪ3)(2kϪ5 where P k ϭ1 ᠬ Ϫk k , with 1 ᠬ being the unit tensor,
and finally,
As can be seen from the expressions of the averages in equilibrium, the quantities ͗(R •Ĥ ) mϪ1 R ͘ are parallel to Ĥ in the reference state for all m, so that the vectors ␣ m are zero in equilibrium. We then seek a solution for ␣ m ͑k,͒ of the form
͑25͒
This expression, particularized for ␣ 1 ͑k,͒ and substituted into Eq. ͑23͒ allows us to eliminate ␥ in order to write the formal solution for the velocity,
with G ᠬ ͑k,,͒ being the Green propagator of the perturbation,
where h ᠬ ͑k ,,͒ plays the role of a generalized viscosity whose expression is given by
In fact, the tensor h ᠬ ͑͒ can be related to the viscosity of the system by observing that the term k 2 h jk (k ,)v k ͑k,͒, which arises from Eq. ͑26͒ by multiplying the whole equation by G ᠬ Ϫ1 , can be rewritten in the form
in which F k Ϫ1 denotes the inverse Fourier transform in k, and permits us to identify the viscous part of the pressure tensor, ⌸ i j ϭϪ i jkl ٌ l v k . Equation ͑29͒ then defines the viscosity as a homogeneous frequency-dependent fourth-rank
whose dependency on the different components of the magnetic field is explicitly shown through the tensor ជ ϵ⑀ គ •Ĥ , ⑀ គ being the Levi-Civita symbol. Essentially, the deviation from the value obtained at zero field is due to the rotational viscosity, contribution that appears in the second term of Eq. 30. Therefore, expression ͑28͒ contains all the information concerning the viscosity of the system, provided that a solution for A 1 ͑,͒ has been found. In particular, the quantity ͉D r A 1 (,)͉ basically represents the correction of the viscosity due to an increasing of . This implies that one should solve the system of infinite algebraic equations for the A m ͑͒, represented by the following matrix of coefficients:
which has been derived from Eq. ͑24͒ by suppressing the vectorial dependence. But this would be equivalent to solving exactly the nonstationary Smoluchowski Eq. ͑9͒ and, as far as we know, a closed-form solution of that equation has never been encountered, even in the case of low velocity gradients. A quick glance at the hierarchy reveals that it consists of a complex third-order difference equation for which only approximate methods can help, with the additional complication that mϭϱ results in an irregular singular point.
11
͓In fact, the order can be lowered to two by defining the generating function g(x,,)ϵ ͚ mϭ1 ϱ A m (,)x m , which for 0рxϽ1 satisfies the second-order differential equation,
But it turns out to be as difficult to solve as the original difference equation.͔ However, the clarity of this presentation helps to understand the way in which the usual approximations work. On the other hand, one has to take into account that the calculation of the effective viscosity of the suspension under a Couette flow with 0 ϭ 0 ê z was found to demonstrate, in the stationary state, a significant agreement with experiments through the relation
which then represents a limit to be satisfied by our theory for ϭ0.
There are, essentially two ways of proceeding.
͑i͒ A first attempt at solving the system of equations for A m ͑͒ would consist of the progressive truncation of the matrix of coefficients, leaving out the term in the ͑mϩ1͒th column and solving the system for the first m equations. This can be done for any finite m, and the sequence obtained for A 1 ͑͒ results rapidly convergent. Unfortunately, as one would expect, the limit Eq. ͑33͒ is only recovered at low values of ͑see Fig. 1͒ . ͑ii͒ The second way introduces decoupling approximations which have been satisfactorily used to describe the dynamics of the correlations in the steady state with the purpose of computing the effective viscosity of the suspension. 12 According to this approximation, we then propose
which, since ␣ 1 is itself a perturbation ͑␣ m ϭ0, ᭙m in the reference state of equilibrium͒, can be linearized in the form
The physical argument behind this approximation is the assumption that the spatial anisotropy imposed by the external magnetic field makes the perturbations in the orientation parallel and perpendicular to the magnetic field uncorrelated. Note that, by introducing the result Eq. ͑35͒ into the equation for ␣ 1 , this becomes
The corresponding equation for A 1 ͑,͒ provides the solution
which, employed in Eq. ͑30͒ gives at ϭ0 the result ͑33͒ for the Couette flow. This decoupling approximation suggests the following substitution for ␣ mϩ1 :
where the last equality comes directly from the result ͑1͒ derived in the Appendix. The previous decoupling transforms the hierarchy in a closed set of m equations, which can be solved immediately. One can then study the solution for the quantity A 1 ͑͒ generated by successive decouplings, mϭ1,2,3..., to check the validity of the assumption. The result can be summarized as follows:
͑a͒ If one introduces the decoupling in the mth equation, with m being an even number, the result is clearly wrong since for ϭ0, the plot of D r A 1 ͑,0͒ as a function of presents an asymptotic divergence at a finite , which moves to the right as m increases. The fact is that the decoupling of factors of different parity leads to an inconsistency. ͑b͒ If m is an odd number, the divergence does not appear but the successive results for A 1 ͑,0͒ seem worse and worse. As a function of at wϭ0, the quantity D r A 1 ͑,0͒ behaves as shown in Fig. 2 , for mϭ1, 3,5,7. The reason is that, as can be seen from Eq. ͑31͒, the higher the order m of A m , the faster it relaxes to the stationary state. Therefore, when assuming Eq. ͑38͒, we are linking the evolution of A m with that of the slower quantity, A 1 , which results governing the dynamics. This assumption, then, turns out to be worse and worse when increasing m for low fre- quencies, whereas the behavior for intermediate frequencies remains unchanged. Since the stationary value for A 1 is consistent with experimental data for the viscosity, 4,1 and in order to avoid an expansion about ϭ0 to approximate more accurately A m for higher m, one can assume that Eq. ͑35͒ is valid and use it, together with the expression for A 1 obtained, to work out A 3 , A 1 ,... successively. This would complete the knowledge of the dynamic quantities A m .
Thus, one has to be very careful when making assumptions like the type in Eq. ͑38͒, since there is no physical reason that guarantees their validity. In other words, for higher order moments we add more and more errors by assuming that there are uncorrelated quantities. On the other hand, however, it is remarkable that the behavior of A 1 ͑,͒ as a function of the frequency does not seem dependent on the kind of approximation assumed, that is ͑i͒, ͑ii͒͑a͒ or ͑ii͒͑b͒. The sharp decay of the quantity ͉D r A 1 ͑,͉͒ for intermediate frequencies occurs in a very narrow region of w where all the plots superimpose, no matter how satisfactorily the stationary value is recovered. This indicates that only one time scale is playing a relevant role in the theory, which corresponds to the relaxation time of ͗R ϫĤ ͘. For frequencies of the order of the inverse of this time scale, a zero correction to the viscosity is expected. This is due to the fact that the rigidity against rotation found existing in the system ͑imposed by the fixed magnetic field͒ is removed as the particle rotates freely following the alternating velocity gradient at that frequency. The rotational viscosity then decreases, and the same happens to the shear viscosity. For lower frequencies, the magnetic moment of the particle appears frozen as in the stationary state, that is, its reorientation occurs instantaneously compared to the period of variation of the velocity gradient. In Fig. 3 four different curves are presented from the result given by Eq. ͑37͒ for ϭ1, ϭ5, ϭ10, and ϭ100 on a semilogarithmic plot. Since the effect of the Brownian motion is to reduce the rigidity of the particles to rotate, one expects that for lower the curve presents a shift to the left in the decreasing of the viscosity for intermediate frequencies, as can be seen in the figure.
IV. DISCUSSION
Up to now, the only available experiment about the viscoelastic behavior of the system has been reported in Ref. 13 . The experimental conditions included polydispersity in particle size, an element which, for simplicity, we have not taken into account in our analysis. In fact, the experiments were made for a system presenting a wide size distribution, only characterized by the estimation of the ratio between the hydrodynamic and magnetic radius, a H /a M Ϸ4.7. Fig. 3 . But one can presume that, if polydispersity is relevant, the fraction of particles having, for example, a small magnetic radius compared to their hydrodynamic radius, maintain their mobility at lower frequencies since its magnetic moment is too weak to reorient itself even under slow varying velocity gradients. The net result due to the polydispersity in particle size would be the spread of the decay of the viscosity, starting at lower frequencies, as observed in the figure shown in Ref. 13 .
In our analysis, we have not considered the Néel relaxation mechanism. It has been shown that this relaxation mechanism, associated with internal reorientations of the magnetic moment of the particles independent from those of the material grain, 14 can be considered blocked for particle sizes above a certain critical diameter d c . For this diameter, which for a given temperature depends only on the magnetic material and the viscosity of the solvent, Néel and Brownian relaxations have equal characteristic times. For larger diameters, the Brownian rotational diffusion orients the magnetic dipole, whereas for diameters under d c the Néel relaxation dominates, and the rotations of the particle are independent from those of its magnetic moment. It is suggested that for the experimental system considered in Ref. 13 , the Néel relaxation is not completely blocked. Typically, the mediumand large-sized particles are Brownian, but if the diameter distribution is wide enough, there will be a fraction of particles that fall in the Néel regime whose ability to rotate is increased as the reorientation of their magnetic moment and the motion of the material particle are not linked. In Ref. 15 a similar competition between these effects was observed when measuring and computing the dynamic magnetic susceptibility of a ferrofluid, but with the roles changed; most of the particles fall into the Néel regime, and the discussion is about the tail of the distribution which incorporates Brownian particles.
In spite of these considerations, we have reproduced the fundamental feature of the behavior of the viscosity with our theory, namely, its decrease when frequency increases. A more detailed comparison with experiments would imply some refinement of the theory in order to consider polydispersity and, consequently, the Néel mechanism as a new ingredient in the analysis. This task is by no means trivial and would lead to a more involved treatment. In this paper we have established the method and reproduced the behavior of the viscosity, leaving a more complicated analysis for future contributions. On the other hand, experiments with ferromagnetic particles having a sharply peaked size distribution could also be performed and compared directly with our results.
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APPENDIX
In order to determine the function F m ͑͒ appearing in Eqs. ͑19͒ and ͑22͒ one has to compute the averages ͗(R •Ĥ ) mϪ1 ͑ 0 ϫR ͒ϫĤ ͘ eq and ͗(R •Ĥ ) mϪ2 ͑w 0 ϫR ͒•Ĥ R ϫĤ ͘ eq . The calculation of the first average can be done by taking into account the general result Eq. ͑14͒ and projecting over Ĥ mϪ1 times, To compute the quantity ͗(R •Ĥ ) mϪ2 ͑ 0 ϫR ͒
•Ĥ R ϫĤ ͘ eq , it is useful to have previously calculated the projection ͗(R •Ĥ ) mϪ2 R R ͘ eq , as an intermediate result,
which has been found similarly to the way in Eq. ͑A1͒ and where 2kрm. In this case one has to know that amongst the m!/[(2k)!!(mϪ2k)!] combinations, only (mϪ2)!/͕[2(k Ϫ1)]!!(mϪ2k)!͖ terms contain a delta of the first two indices. This result gives Eq. ͑2͒, and for the average needed one has
Finally, the sum of the two terms gives
͑A4͒
now valid for 2kϽm.
